A relatively regular operator is one with closed complemented range and nullspace.
mented range and nullspace.
It is shown that if T is relatively regular and / is univalent on the spectrum of T with /(0) = 0, then ¡(T) is also relatively regular.
In It turns out that the most natural hypothesis which excludes the above possibilities gives a positive result.
For our proof we need a lemma of Atkinson [2] , the proof of which is so simple that we reproduce it here.
Lemma. Suppose that T is a bounded linear operator on Banach space X and that for some bounded linear operator R, TRT -T is relatively regular. Then T is relatively regular.
Proof. Since TRT -T is relatively regular, there exists a bounded operator S such that (TRT -T)S(TRT -T) = TRT -T.
But this equation can be rearranged to read T\R -(RT -I) SiTR -I)\T = T, from which the conclusion follows.
We now can prove the main result. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
From the Lemma, we deduce the required result.
Remark. Suppose that TST = T in the above theorem. Then we know that there exists a bounded operator S such that f(T) S f(T) = f(T). By the proof of the Lemma, we get an explicit formula for S:
and hence formulas for projections onto the range and nullspace of fiT).
The above results
can be extended to unbounded operators in a reasonably straightforward manner.
In such a case, we will call an operator relatively regular if its range and nullspace are closed and complemented.
(The alternative definition could also be used but some care needs to be Finally, we observe that if 7 is an unbounded relatively regular operator, then 7(7 -al)~ is a bounded relatively regular operator, for both have the same range, and if P is a projection onto the nullspace of 7, then (7 -al) P (T -al)~ is a closed operator defined on all of X and is hence continuous; it is clearly a projection onto the nullspace of 7(7 -a/)-.
We can therefore apply Theorem 1 to cp and 7(7 -a/)~ and obtain and hence we can write p(T) = {T-kAiT-k2) ■■■ iT-kk)T from which it is easy to deduce that if 7 has closed range, so does piT).
